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MAXIMAL FINITE ABELIAN SUBGROUPS OF E8
CRISTINA DRAPER⋆ AND ALBERTO ELDUQUE†
Abstract. The maximal finite abelian subgroups, up to conjugation, of the
simple algebraic group of type E8 over an algebraically closed field of char-
acteristic 0 are computed. This is equivalent to the determination of the fine
gradings on the simple Lie algebra of type E8 with trivial neutral homogeneous
component.
1. Introduction
A systematic study of the gradings by abelian groups on the simple Lie alge-
bras was initiated by Patera and Zassenhaus in [PZ89]. For the classical simple
Lie algebra over an algebraically closed field of characteristic 0, the fine gradings
were classified in [Eld10], for the exceptional simple algebras they were classified
in [DM06] and [BT09] for G2, in [DM09] for F4 (see also [EK12] and [Dra12]) and
in [DVpr] for E6. The recent monograph [EK13] collects, among other things, all
these results and extensions to prime characteristic.
The problem of the classification of fine gradings, up to equivalence, on a simple
Lie algebra over an algebraically closed field of characteristic 0 contains in particular
the problem of classifying the maximal finite abelian subgroups of the group of
automorphisms of the algebra, up to conjugation.
The goal of this paper is the solution to this problem for the simple Lie algebra
e8 of type E8, whose group of automorphisms is the exceptional simple algebraic
group of type E8.
A related problem is considered in [Yupr], where the abelian subgroups F of the
compact (real) simple Lie groups G satisfying the condition
dim gF0 = dimF,
where g0 is the Lie algebra of G and g
F
0 is the subalgebra of fixed elements by the
action of F , are studied. This class of abelian subgroups present nice functorial
properties exploited in [Yupr], and it comprises the class of the maximal finite
abelian subgroups (dimF = 0). The close relationship between compact Lie groups
and complex reductive linear algebraic groups allows, in principle, to extract from
[Yupr] the list of the maximal finite abelian subgroups of a simple linear algebraic
group over C. However, some of the arguments in [Yupr] are not yet complete and
this task is not easy.
Our approach works over arbitrary algebraically closed fields of characteristic 0
and uses recent results on gradings on simple Lie algebras. We believe it has an
independent interest.
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The main result of the paper may be summarized in the following theorem.
Theorem 1. Let F be an algebraically closed field of characteristic 0. Then, up to
conjugation, the list of maximal finite abelian subgroups of the exceptional simple
Lie group of type E8 consists of:
(i) Four elementary abelian groups, isomorphic to Z92, Z
8
2, Z
5
3 and Z
3
5.
(ii) Three more subgroups, isomorphic to Z36, Z
3
4 × Z
2
2 and Z4 × Z
6
2.
The maximal elementary abelian p-subgroups of the algebraic groups have been
obtained in [Gri91], so the goal of this paper is to show the existence and uniqueness
of the subgroups in item (ii) in the Theorem.
Let us start with some definitions.
Let A be an abelian group, an A-grading on a nonassociative (i.e., not necessarily
associative) algebra A over a field F is a vector space decomposition
Γ : A =
⊕
a∈A
Aa
such that AaAb ⊂ Aab for all a, b ∈ A. If such a decomposition is fixed, we will refer
to A as an A-graded algebra. The subspaces Aa are said to be the homogeneous
components of Γ and the nonzero elements x ∈ Aa are called homogeneous of degree
a; we will write deg x = a. The support of Γ is the set Supp Γ := {a ∈ A : Aa 6= 0}.
Let
Γ : A =
⊕
a∈A
Aa and Γ
′ : B =
⊕
b∈B
Bb
be two gradings on algebras, with supports S and T , respectively. Γ and Γ′ are
said to be equivalent if there exists an isomorphism of algebras ψ : A → B and a
bijection α : S → T such that ψ(As) = Bα(s) for all s ∈ S. Any such ψ will be
called an equivalence of Γ and Γ′.
Given a group grading Γ on an algebra A, there are many groups A such that Γ,
regarded as a decomposition into a direct sum of subspaces such that the product
of any two of them lies in a third one, can be realized as an A-grading, but there
is one distinguished group among them [PZ89]. We will say that an abelian group
U is a universal group of Γ if, for any other realization of Γ as an A-grading, there
exists a unique homomorphism U → A that restricts to identity on Supp Γ.
One shows that the universal group, which we denote by U(Γ), exists and de-
pends, up to isomorphism, only on the equivalence class of Γ. Indeed, U(Γ) is gener-
ated by S = Supp Γ with defining relations s1s2 = s3 whenever 0 6= As1As2 ⊂ As3
(si ∈ S).
Given gradings Γ : A =
⊕
a∈AAa and Γ
′ : A =
⊕
b∈B A
′
b, we say that Γ
′ is
a coarsening of Γ, or that Γ is a refinement of Γ′, if for any a ∈ A there exists
b ∈ B such that Aa ⊂ A
′
b. The coarsening (or refinement) is said to be proper if the
inclusion is proper for some a ∈ Supp Γ. A grading Γ is said to be fine if it does
not admit a proper refinement.
Over algebraically closed fields of characteristic zero, the classification of fine
gradings on A up to equivalence is the same as the classification of maximal di-
agonalizable subgroups (i.e., maximal quasitori) of Aut(A) up to conjugation (see
e.g. [PZ89]). More precisely, given a grading Γ on the algebra A by the group A,
let Aˆ be its group of characters (homomorphisms A → F×). Any χ ∈ Aˆ acts as
an automorphism of A by means of χ.x = χ(a)x for any a ∈ A and x ∈ Aa. In
case A is the universal group of Γ, this allows us to identify Aˆ with a quasitorus
(the direct product of a torus and a finite subgroup) of the algebraic group Aut(A).
This quasitorus is the subgroup Diag(Γ) consisting of the automorphisms ϕ of A
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such that the restriction of ϕ to any homogeneous component is the multiplication
by a (nonzero) scalar. (See [EK13, §1.4].)
Conversely, given a quasitorus Q of Aut(A), we can identify Q with the group
of characters Aˆ for A the group of homomorphisms (as algebraic groups) Q→ F×.
Then Q induces an A-grading of A, where Aa = {x ∈ A : χ(x) = a(χ)x ∀χ ∈ Q} for
any a ∈ A. In this way [PZ89] the fine gradings on A, up to equivalence, correspond
to the conjugacy classes in Aut(A) of the maximal quasitori (or maximal abelian
diagonalizable subgroups) of Aut(A).
Let g be a finite dimensional simple Lie algebra over an algebraically closed field
F of characteristic 0, let Q be a maximal quasitorus of Aut(g) and let Γ be the
associated fine grading. Then Q = T × F for a torus T and a finite subgroup F .
If T 6= 0 or, equivalently, if the free rank of the universal group of Γ is infinite,
then Γ induces a grading by a not necessarily reduced root system [Eld13] and it
is determined by a fine grading on the coordinate algebra of the grading by the
root system. Associative, alternative, Jordan or structurable algebras appear as
coordinate algebras. In a sense, the classification of the fine gradings whose asso-
ciated quasitori are not finite is reduced to the classification of some fine gradings
on certain nonassociative algebras.
We are left then with the case in which Q is a maximal finite abelian subgroup.
In this case (T = 0), the neutral homogeneous component of the associated grading
Γ (i.e., the subalgebra of the elements fixed by the automorphisms in Q) is trivial
(see, for instance, [Eld13, Proposition 4.1] or [DM09, Corollary 5]).
Hence, the goal of this paper is equivalent to the classification, up to equivalence,
of the fine gradings on the simple Lie algebra e8 with trivial neutral homogeneous
component.
The next section will be devoted to survey some results on division gradings on
matrix algebras, and the concept of Brauer invariant of an irreducible module for a
graded semisimple Lie algebra. Section 3 will present some preliminary results on
maximal finite quasitorus on simply connected algebraic groups, and will show that
any maximal finite quasitorus Q of E8 = Aut(e8) is either p-elementary abelian for
p = 2, 3 or 5, or its exponent is 6 or 4 and it contains a specific automorphism of
e8 of order 6 or 4 (two possibilities here).
The following sections will deal with the different possibilities, assuming Q is not
p-elementary abelian.
It turns out that the corresponding fine gradings on e8 are nicely described in
terms of some nonassociative algebras. This will be reviewed in the last section.
From now on, the ground field F will be assumed to be algebraically closed of
characteristic zero. Unadorned tensor products will indicate products over F.
2. Division gradings. The Brauer invariant
The aim of this section is to survey some well-known results on gradings on
algebras of matrices Mn(F) and on the induced gradings on the special Lie alge-
bras sln(F), in a way suitable for our purposes. The reader may consult [EK13,
Chapter 2] and the references therein.
These results lead to the notion of the Brauer invariant of an irreducible module
for a semisimple Lie algebra (see [EKpr]).
Let V be a vector space over F, dimV ≥ 2 and let x, y ∈ EndF(V ) and n ∈ N
such that xn ∈ F×1V , y
n ∈ F×1V and xy = ξyx, where ξ is a primitive n
th root of
unity and 1V denotes the identity map on V .
Then the elements xiyj , 0 ≤ i, j ≤ n − 1 are eigenvectors for Adx and Ady
(Ada(b) := aba
−1) with different eigenvalues, so they are linearly independent and
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the subalgebra S generated by x and y: S = alg〈x, y〉, is a simple unital subalgebra
of EndF(V ) of dimension n
2, as any ideal of S is invariant under Adx and Ady, so
it contains an invertible element xiyj.
By the Double Centralizer Theorem, the centralizer C = CEndF(V )(S) is simple
too and EndF(V ) is isomorphic to the tensor product S ⊗ C. As a module for S,
V is the tensor product V = V1 ⊗ V2, where V1 is the n-dimensional irreducible
module for S, and S acts trivially on V2. Thus S can be identified with EndF(V1)
and C with EndF(V2).
Multiplying by suitable scalars we may assume x, y ∈ SL(V1) (the special linear
group) and hence xn = yn = 1 for odd n, or xn = yn = −1 for even n (the
characteristic polynomial of x as an endomorphism of V1 is det(λ1V1 − x) = λ
n +
(−1)n det(x) = λn+(−1)n). Take an eigenvector v ∈ V1 of x with eigenvalue 1 if n
is odd, or eigenvalue ω, with ω2 = ξ if n is even. In the basis {v, y(v), . . . , yn−1(v)},
the matrices of x and y are:
x↔


1 0 0 . . . 0
0 ξ 0 . . . 0
0 0 ξ2 . . . 0
...
...
...
. . .
...
0 0 0 . . . ξn−1


, y ↔


0 0 . . . 0 1
1 0 . . . 0 0
0 1 . . . 0 0
...
...
. . .
...
...
0 0 . . . 1 0


,
for odd n, or
x↔


ω 0 0 . . . 0
0 ω3 0 . . . 0
0 0 ω5 . . . 0
...
...
...
. . .
...
0 0 0 . . . ω2n−1


, y ↔


0 0 . . . 0 −1
1 0 . . . 0 0
0 1 . . . 0 0
...
...
. . .
...
...
0 0 . . . 1 0


,
for even n. In particular, x and y are unique up to simultaneous conjugation.
Moreover, the subgroup of Aut
(
EndF(V )
)
≃ PSL(V ) generated by the commuting
automorphisms Adx and Ady is isomorphic to Z
2
n (Zn := Z/nZ).
Write R = EndF(V ), dimV ≥ 2. A grading Γ : R =
⊕
a∈ARa by an abelian
group A is said to be a division grading (and R is called a graded division algebra),
if any nonzero homogeneous element is invertible. This is equivalent to dimRe = 1
(see, for instance, [EK13, Lemma 2.20]). In this case, there is a decomposition
V = V1 ⊗ · · · ⊗ Vr, with dim Vi = li ≥ 2 for any i, such that the support of
Γ is a subgroup T of A isomorphic to Z2l1 × · · · × Z
2
lr
, and there are elements
xi, yi ∈ SL(Vi) with xiyi = ξiyixi, where ξi is a fixed primitive l
th
i root of 1 such
that for t = (a1, b1, . . . , ar, br) ∈ Z
2
l1
× · · · × Z2lr ≃ T , the homogeneous component
of degree t is spanned by
Xt := x
a1
1 y
b1
1 ⊗ · · · ⊗ x
ar
r y
br
r ∈ EndF(V1)⊗ · · · ⊗ EndF(Vr) ≃ EndF(V ).
This shows that R is a twisted group algebra FσT for a suitable cocycle. Note that
for t, s ∈ T , XtXs = β(t, s)XsXt, where β : T × T → F
× is the nondegenerate
alternating bicharacter such that β(ti, si) = ξi, β(ti, tj) = β(ti, sj) = β(si, sj) = 1
for i 6= j, where ti = deg(xi), si = deg(yi) for any i. The pair (T, β) determines
the graded division algebra R, up to graded isomorphism. (See [EK13, §2.2].)
Remark 2. This grading is obviously fine and the associated maximal quasitorus
in Aut(EndF(V )) ≃ PSL(V ) consists of the automorphisms AdXt , t ∈ T . (See
[EK13, Theorem 2.15 and Proposition 2.18].)
Remark 3. Given a quasitorusQ of Aut(EndF(V )) ≃ PSL(V ), take any p ∈ SL(V )
such that Adp ∈ Q. Then for any q ∈ SL(V ) such that Adq ∈ Q, AdqAdp =
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AdpAdq, since Q is abelian, and hence qpq
−1p−1 ∈ F×1V . Hence Adq(p) ∈ F
×p,
and thus p is an eigenvector of the elements in Q, i.e., p is a homogeneous element
of the grading induced by Q.
The gradings Γ by abelian groups on the simple special Lie algebra sl(V ) are
divided into two types depending on the quasitorus Diag(Γ) being contained in
the connected component Aut(sl(V ))◦ ≃ PSL(V ) (type I) or not (type II). Type I
gradings are all restrictions to sl(V ) of gradings on EndF(V ). The gradings of type
I with trivial neutral component thus correspond to the gradings on R = EndF(V )
with dimRe = 1, i.e., to the division gradings on EndF(V ). Therefore we have the
following result:
Theorem 4. Let Q be a quasitorus of PSL(V )
(
≃ Aut(sl(V ))◦
)
such that the neu-
tral component of the induced grading on sl(V ) is trivial. Then there is a decompo-
sition V = V1 ⊗ · · · ⊗ Vr, (dimVi = li ≥ 2 for any i) and elements xi, yi ∈ SL(Vi)
with xiyi = ξiyixi, where ξi is a fixed primitive l
th
i root of 1, such that
Q = 〈[x1], [y1], . . . , [xr], [yr]〉
(
∼= Z2l1 × · · · × Z
2
lr
)
,
where any endomorphism zi ∈ GL(Vi) is identified with the endomorphism 1V1 ⊗
· · · ⊗ zi ⊗ · · · ⊗ 1Vl (Kronecker product) in GL(V ), and where [z] denotes the class
of z ∈ SL(V ) in PSL(V ).
Example 5. The matrix algebra M8(F) is a graded division algebra in three
nonequivalent ways, corresponding to T = Z28, T = Z
2
4×Z
2
2, or T = Z
6
2. This corre-
sponds to considering R as either EndF(V ), EndF(V1 ⊗ V2) or EndF(U1 ⊗U2⊗U3),
with dimV = 8, dimV1 = 4, dimV2 = dimUi = 2, i = 1, 2, 3.
Let R be the matrix algebra Mn(F), and let R =
⊕
a∈A Ra be a grading on R
by an abelian group A. Then R is isomorphic to EndD(W ) where D is a graded
division algebra and W is a finite dimensional graded right free module over D.
Then W is, up to isomorphism and shift of the grading, the only graded-simple
module for R (i.e., W is A-graded with RaWb ⊆Wab for any a, b ∈ A, and there is
no proper graded submodule). Hence the isomorphism class of the graded division
algebra D is determined by the isomorphism class of the graded algebra R and it
is denoted by [R] (so [R] = [D]).
Selecting a homogeneous D-basis {v1, . . . , vk} in W , vi ∈Wgi , and setting W˜ =
span
F
{v1, . . . , vk}, we can write R ≃ C⊗D, where C = EndF(W˜ ) is a matrix algebra
with the induced elementary grading, i.e., the grading induced by the grading on
its simple module: for any i, j, degEij = gig
−1
j , where Eij is the matrix unit that
takes vj to vi and vl to 0 for l 6= j.
The arguments above show that the class [R] is determined by a pair (T, β),
where T is a subgroup of A endowed with a nondegenerate alternating bicharacter
β : T × T → F×.
Moreover, given two A-graded matrix algebras R1 = EndD1(W1) and R2 =
EndD2(W2), the tensor product R1 ⊗ R2 is again an A-graded matrix algebra.
Writing Ri = Ci ⊗ Di, i = 1, 2, and D1 ⊗ D2 = C ⊗ D we obtain R1 ⊗ R2 =(
C1⊗C2⊗C
)
⊗D, where the first factor has an elementary grading and the second
factor a division grading. Then [R1 ⊗ R2] = [D], which depends only on [D1] and
[D2]. Thus we obtain an abelian group, called the A-graded Brauer group (see
[EKpr, §2]). The behavior of this group mimics the behavior of the classical Brauer
group (but this latter one is trivial over algebraically closed fields!!). In particular
we have [D]−1 = [Dop], as D⊗Dop ∼= EndF(D) as graded algebras, and the grading
on EndF(D) is elementary (induced by the grading on D).
Let now Γ : L =
⊕
a∈A La be a grading by the abelian group A of a finite
dimensional semisimple Lie algebra L and let V be a finite dimensional irreducible
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module for L. Assume that the image of the group of characters Aˆ in Aut(L)
lies in the connected component Aut(L)◦ (i.e., it consists of inner automorphisms).
Then [EKpr, §3] the matrix algebra EndF(V ) is A-graded in a unique way satisfying
that the associated surjective homomorphism of associative algebras ρ : U(L) →
EndF(V ) (U(L) denotes the universal enveloping algebra) is a homomorphism of
A-graded algebras. Hence EndF(V ) ∼= EndD(W ) for some D and W as above,
and we write Br(V ) = [D]. This is called the Brauer invariant of the irreducible
L-module V .
If V admits an A-grading compatible with the action of L (i.e., LaVb ⊆ Vab for
any a, b ∈ A), then the (unique) A-grading on EndF(V ) is induced by the grading
on V (it is elementary) and D = F, i.e., the Brauer invariant is trivial. This A-
grading on V is unique up to a shift. In particular, its homogeneous components
are uniquely determined.
Later on, we will make use of the following result:
Lemma 6. Let L =
⊕
r¯∈Zn
Lr¯ be a Zn-graded finite dimensional semisimple Lie
algebra and let Γ : L =
⊕
a∈A La be a grading on L by an abelian group A that
refines the Zn-grading (i.e., each nonzero homogeneous component La is contained
in a (unique) subspace Lr¯, r¯ ∈ Zn). Assume that L0¯ is semisimple and each Lr¯,
r¯ 6= 0¯, is an irreducible module for L0¯. Then Γ is determined, up to equivalence, by
its restriction Γ0¯ to L0¯.
In particular, if Γ is fine, the maximal quasitorus Diag(Γ) is determined by Γ0¯.
Proof. Since each Lr¯, r¯ 6= 0¯, is irreducible, the restriction Γr¯ of Γ to Lr¯ is the
unique A-grading, up to a shift, on Lr¯ compatible with the A-grading Γ0¯ on L0¯.
Hence the homogeneous components of Γ are all uniquely determined by Γ0¯. 
3. Finite order automorphisms
Let g be a finite dimensional simple Lie algebra and let G be its group of au-
tomorphisms: G = Aut(g). Given a subgroup H of G, CG(H) will denote its
centralizer in G.
The aim of this section is to show that the maximal finite quasitorus of Aut(e8)
are either p-elementary abelian for p = 2, 3 or 5, or their exponent is either 6 or 4
and they contain specific automorphisms of e8 of order 6 or 4.
Lemma 7. Let Q be a maximal quasitorus in G, then Q is self-centralizing: CG(Q) =
Q.
Proof. By maximality Q is a closed subgroup of the algebraic group G. For any
x ∈ CG(Q), let x = xsxn be its Jordan decomposition [Hum75, §15], then the
closure of the subgroup generated by Q and xs is diagonalizable, so by maximality
of Q, xs ∈ Q, and thus the quotient CG(Q)/Q is unipotent, and hence nilpotent
[Hum75, §17.5]. We conclude that CG(Q) is nilpotent, because Q is central in
CG(Q). Then [GOV94, III.3.4, Proposition 3.6] implies that since Q is reductive, so
is CG(Q) and, therefore, CG(Q) is reductive and nilpotent, and hence its connected
component satisfies CG(Q)
◦ = Z
(
Cg(Q)
◦), and it consists of semisimple elements.
By maximality CG(Q)
◦ = Q◦, so [CG(Q) : Q] ≤ [CG(Q) : CG(Q)
◦] <∞. Therefore
CG(Q)/Q is unipotent and finite, so it is trivial (recall that we are assuming charF =
0). 
In case g = e8, the group G is connected and simply connected, so the next result
applies.
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Lemma 8. Assume that G is semisimple, connected and simply connected, and let
Q be a maximal quasitorus of G with Q finite. Then for any θ ∈ Q, the subalgebra
of fixed elements gθ
(
:= {x ∈ g : θ(x) = x}
)
is a semisimple subalgebra.
Proof. Since θ is semisimple (finite order) and G is connected and simply connected,
CG(θ) is reductive [Hum95, Theorem 2.2], and since G is simply connected, CG(θ)
is connected [Hum95, Theorem 2.11]. Then [Hum95, Lemma 19.5], Z
(
CG(θ)
)◦
is a
torus.
But Z
(
CG(θ)
)◦
is contained in any maximal quasitorus of CG(θ), so it is con-
tained in Q. Since Q is finite, we get Z
(
CG(θ)
)◦
= 1, so dimZ
(
CG(θ)
)
= 0 and
hence the Lie algebra L
(
Z
(
CG(θ)
))
is trivial. It follows that the reductive Lie
algebra gθ = L
(
CG(θ)
)
has trivial center, so it is semisimple. 
The finite order automorphisms of g are classified, up to conjugation, in [Kac90,
§8.6] in terms of affine Dynkin diagrams and sequences of relatively prime nonnega-
tive integers (s0, . . . , sl) (here l+1 is the number of nodes in the affine Dynkin dia-
gram). For g = e8, if θ is a nontrivial finite order automorphisms and g
θ is semisim-
ple, [Kac90, Proposition 8.6] shows that the sequence is of the form (0, . . . , 1, . . . , 0)
with only one si = 1 and i > 0. That is, only one node is involved in the affine
Dynkin diagram E
(1)
8 :
❡ ❡ ❡ ❡ ❡ ❡ ❡ ❡
❡
1 2 3 4 5 6 4 2
3
This unique node will be highlighted putting it in black. Thus, for instance, the
diagram
❡ ❡ ❡ ❡ ❡ ❡ ✉ ❡
❡
1 2 3 4 5 6 4 2
3
represents an automorphism of order 4.
Therefore, for g = e8, any automorphism θ with g
θ semisimple has order at most
6, and up to conjugation there are only
• two order 2 automorphisms,
• two order 3 automorphisms,
• two order 4 automorphisms,
• one order 5 automorphism, and
• one order 6 automorphism,
with semisimple gθ.
Proposition 9. Let Q be a maximal finite abelian subgroup of Aut(e8). Then either
Q is p-elementary abelian with p = 2, 3 or 5, or the exponent of Q is either 4 or 6.
Moreover, for any θ ∈ Q, the fixed subalgebra eθ8 is semisimple.
Proof. By Lemma 8, eθ8 is semisimple for any θ ∈ Q, so the order of θ is at most 6.
The result follows at once. 
The maximal elementary abelian subgroups of algebraic groups have been clas-
sified in [Gri91]. For Aut(e8) there are only four such subgroups which coincide
with its centralizer (and hence they are maximal abelian subgroups). They are
isomorphic to Z92, Z
8
2, Z
5
3 and Z
3
5.
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Hence we must consider the situation in which the maximal finite abelian sub-
group Q of Aut(e8) contains an automorphism of order 6 or 4. (It cannot contain
both as there are no elements of order 12 in Q.)
4. Order 6 automorphism
We assume in this section that Q is a maximal finite abelian subgroup of G =
Aut(g), with g = e8, and that Q contains an automorphism θ of order 6. As g
θ is
semisimple (Lemma 8), θ is conjugate to the automorphism corresponding to the
diagram
❡ ❡ ❡ ❡ ❡ ✉ ❡ ❡
❡
1 2 3 4 5 6 4 2
3
The automorphism θ thus induces a grading by Z6: g =
⊕
r¯∈Z6
gr¯, with gr¯ = {x ∈
g : θ(x) = ξrx}, where ξ is a primitive 6th root of 1. Then, up to isomorphism, we
have
g0¯ = sl(U)⊕ sl(V )⊕ sl(W ),
g1¯ = U ⊗ V ⊗W,
g2¯ = 1⊗ V
∗ ⊗ ∧2W,
g3¯ = U ⊗ 1⊗ ∧
3W,
g4¯ = 1⊗ V ⊗ ∧
4W,
g5¯ = U ⊗ V
∗ ⊗ ∧5W,
where U , V and W are vector spaces of dimension 2, 3 and 6 respectively. The
expression above for gr¯, r¯ 6= 0¯, gives the structure of gr¯ as a module for g0¯. For
g0¯, g1¯ and g5¯ this follows from [Kac90, Proposition 8.6], as well as the fact that,
for r¯ 6= 0¯, gr¯ is an irreducible module for g0¯. The other components are computed
easily.
In this case, the connected component Aut(g0¯)
◦ is isomorphic to PSL(U) ×
PSL(V )×PSL(W ). Moreover, for any (a, b, c) ∈ SL(U)× SL(V )× SL(W ), there is
an automorphism φa,b,c of g with
φa,b,c|g0¯ =
(
Ada,Adb,Adc), φa,b,c|g1¯ = a⊗ b⊗ c.
Note that g1¯ generates g as an algebra, so the automorphism φa,b,c is determined
by its action on g1¯.
We then have the following homomorphisms (of algebraic groups):
Φ : SL(U)× SL(V )× SL(W ) −→ CG(θ),
(a, b, c) 7→ φa,b,c,
Ψ : CG(θ) −→ Aut(g0¯),
ϕ 7→ ϕ|g0¯ .
Note that Q is contained in CG(θ) and that θ = φ1U ,1V ,ξ1W .
The kernel and image of both Φ and Ψ are computed next.
Lemma 10. (i) im Ψ = Aut(g0¯)
◦
(
≃ PSL(U)×PSL(V )×PSL(W )
)
and kerΨ =
〈θ〉 (the subgroup generated by θ).
(ii) Φ is surjective and kerΦ = 〈(−1U , ξ
21V , ξ1W )〉, which is a cyclic group of
order 6.
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Proof. If ϕ is in kerΨ, then ϕ|g0¯ = id, so by Schur’s Lemma, ϕ|g1¯ = λid for a
nonzero scalar λ. But g1¯ generates g and this forces λ
6 = 1, hence ϕ is a power of
θ.
Since CG(θ) is connected (proof of Lemma 8), im Ψ is contained in Aut(g0¯)
◦, so
for any ϕ ∈ CG(θ) there are elements a ∈ SL(U), b ∈ SL(V ) and c ∈ SL(W ) such
that ϕ|g0¯ =
(
Ada,Adb,Adc
)
. But φa,b,c ∈ CG(θ), and Ψ(ϕ) = Ψ(φa,b,c). Hence
ϕφ−1a,b,c ∈ kerΨ = 〈θ〉 ⊆ im Φ. Thus, ϕ ∈ im Φ and Φ is onto.
But Ψ(im Φ) fills Aut(g0¯)
◦ ≃ PSL(U) × PSL(V ) × PSL(W ), so we obtain that
im Ψ = Aut(g0¯)
◦.
Finally, for any a ∈ SL(U), b ∈ SL(V ) and c ∈ SL(W ), the automorphism
φa,b,c is the identity if and only if a ⊗ b ⊗ c = id in EndF(U ⊗ V ⊗W ), and this
happens if and only if there are scalars λ, µ, ν ∈ F× with λµν = 1 such that
a = λ1U , b = µ1V and c = ν1W (which implies λ
2 = µ3 = ν6 = 1 because the
determinant of these endomorphisms is 1). This shows that kerΦ is generated by
(−1U , ξ
21V , ξ1W ) = (ξ
31U , ξ
21V , ξ1W ). 
Denote by πU , πV and πW the projections of Aut(g0¯)
◦ onto PSL(U), PSL(V )
and PSL(W ) respectively. The quasitorus Q induces a fine grading Γ on g with
trivial neutral homogeneous component, which restricts to a grading Γ0¯ on g0¯ and
hence on sl(U), sl(V ) and sl(W ) with trivial neutral homogeneous components.
In particular, πU ◦ Ψ(Q) is a diagonalizable subgroup in PSL(U)
(
≃ Aut(sl(U))◦
)
whose induced grading ΓU satisfies that its neutral component is trivial. The only
possibility (Theorem 4) is that πU ◦ Ψ(Q) be isomorphic to Z
2
2. In the same vein,
πV ◦Ψ(Q) ∼= Z
2
3 and πW ◦Ψ(Q)
∼= Z26.
This shows, in particular, that there are elements c1, c2 ∈ SL(W ) with c
6
1 = c
6
2 =
−1 and c1c2 = ξc2c1 such that πW ◦ Ψ(Q) = 〈[c1], [c2]〉. Hence there are elements
a1, a2 ∈ SL(U) and b1, b2 ∈ SL(V ), such that φa1,b1,c1 and φa2,b2,c2 are in Q. Now
we get
• Since πU ◦ Ψ(Q) ∼= Z
2
2, we have Ad
2
ai
= id, i = 1, 2, so a2i = ǫi1U , with
ǫi = ±1, i = 1, 2 (as det(ai) = 1).
• Also, πV ◦Ψ(Q) ∼= Z
2
3, so Ad
3
bi
= 1 and b3i = µi1V with µ
3
i = 1, i = 1, 2.
• φ6ai,bi,ci = id, so id = a
6
i ⊗ b
6
i ⊗ c
6
i = −a
6
i ⊗ b
6
i ⊗ 1W = (−ǫ
3
iµ
2
i )id. Hence
ǫiµ
2
i = −1, and this forces ǫi = −1 and µi = 1, i = 1, 2.
• Since Q is abelian, φa1,b1,c1φa2,b2,c2 = φa2,b2,c2φa1,b1,c1 , and hence a1a2 ⊗
b1b2 ⊗ c1c2 = a2a1 ⊗ b2b1 ⊗ c2c1, that is, ξa1a2 ⊗ b1b2 = a2a1 ⊗ b2b1. It
then follows that there are scalars µ, ν ∈ F× such that a1a2 = µa2a1 and
b1b2 = νb2b1. Besides, µ
2 = 1 (because det(a1a2) = 1) and ν
3 = 1, and
ξµν = 1. We conclude that a1a2 = −a2a1 and b1b2 = ξ
2b2b1 and hence we
obtain πU ◦Ψ(Q) = 〈[a1], [a2]〉 and πV ◦Ψ(Q) = 〈[b1], [b2]〉
Theorem 11. Under the conditions above, the maximal quasitorus Q is isomorphic
to Z36. Moreover, it is given explicitly by
Q = 〈φa1,b1,c1 , φa2,b2,c2 , θ〉
for a1, a2 ∈ SL(U) with a
2
1 = a
2
2 = −1U , a1a2 = −a2a1, b1, b2 ∈ SL(V ) with b
3
1 =
b32 = 1V , b1b2 = ξ
2b2b1, and c1, c2 ∈ SL(W ) with c
6
1 = c
6
2 = −1W , c1c2 = ξc2c1. (ξ
is a primitive 6th root of 1.)
Proof. If ϕ ∈ Q, then πW ◦Ψ(ϕ) ∈ 〈[c1], [c2]〉, so there are integers 0 ≤ n1, n2 ≤ 5
such that
ϕφn1a1,b1,c1φ
n2
a2,b2,c2
∈ ker
(
πW ◦Ψ
)
.
Hence we may assume that ϕ is in ker
(
πW ◦Ψ
)
. Since Φ is onto, there are elements
a ∈ SL(U) and b ∈ SL(V ) with ϕ = φa,b,1W . (Note that θ = φ1U ,1V ,ξ1W =
φξ31U ,ξ41V ,1W .)
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Since πU ◦ Ψ(ϕ) lies in 〈[a1], [a2]〉, there is a scalar λ ∈ F
× and integers 0 ≤
r1, r2 ≤ 2 with a = λa
r1
1 a
r2
2 and, similarly, there is a scalar µ ∈ F
× and integers
0 ≤ s1, s2 ≤ 2 with b = µb
s1
1 b
s2
2 . Also λ
2 = 1 = µ3 because the determinants are
always 1.
Now, Q is abelian, so ϕφa1,b1,c1 = φa1,b1,c1ϕ or, equivalently,
(a⊗ b⊗ 1W )(a1 ⊗ b1 ⊗ c1) = (a1 ⊗ b1 ⊗ c1)(a⊗ b ⊗ 1W ),
and, since aa1 = (−1)
r2a1a and bb1 = ξ
2s2b1b, we obtain (−1)
r2ξ2s2 = 1, which
gives r2 = s2 = 0. In the same vein we get r1 = s1 = 0. Therefore ϕ ∈ kerΨ = 〈θ〉,
and we obtain Q = 〈φa1,b1,c1 , φa2,b2,c2 , θ〉. Moreover, the three generators have
order 6, θ ∈ ker
(
πW ◦Ψ
)
and im
(
πW ◦Ψ|Q
)
= 〈[c1], [c2]〉 ∼= Z
2
6, so Q is isomorphic
to Z36. 
Corollary 12. Up to conjugation, Aut(e8) contains a unique maximal finite abelian
subgroup with elements of order 6.
5. Order 4 automorphism. Type I
Assume now that our maximal finite abelian subgroupQ of G = Aut(g), with g =
e8, contains an automorphism θ of order 4 which is conjugate to the automorphism
corresponding to the diagram
❡ ❡ ❡ ❡ ❡ ❡ ✉ ❡
❡
1 2 3 4 5 6 4 2
3
These order 4 automorphisms will be said of type I.
The automorphism θ thus induces a grading by Z4: g =
⊕
r¯∈Z4
gr¯, with gr¯ =
{x ∈ g : θ(x) = irx}, where i is a primitive 4th root of 1. Then, up to isomorphism,
we have
g0¯ = sl(U)⊕ sl(V ),
g1¯ = U ⊗ ∧
2V,
g2¯ = 1⊗ ∧
4V,
g3¯ = U ⊗ ∧
6V
where U and V are vector spaces of dimension 2 and 8 respectively.
As in the previous section, we have group homomorphisms
Φ : SL(U)× SL(V ) −→ CG(θ),
(a, b) 7→ φa,b,
Ψ : CG(θ) −→ Aut(g0¯),
ϕ 7→ ϕ|g0¯ ,
where φa,b|g1¯ = a⊗ ∧
2b and φa,b|g0¯ = (Ada,Adb).
Let ω be a primitive eighth root of 1 with i = ω2. Then θ = φi1U ,1V = φ1U ,ω1V .
The next result is proved along the same lines as Lemma 10.
Lemma 13. (i) im Ψ = Aut(g0¯)
◦
(
≃ PSL(U)× PSL(V )
)
and kerΨ = 〈θ〉.
(ii) Φ is surjective and kerΦ = 〈(−1U , ω
21V )〉, which is a cyclic group of order
4.
MAXIMAL FINITE ABELIAN SUBGROUPS OF E8 11
Denote by πU and πV the projections of Aut(g0¯)
◦ onto PSL(U) and PSL(V )
respectively. Then πU ◦ Ψ(Q) is necessarily isomorphic to Z
2
2, while πV ◦ Ψ(Q),
which is a 2-group of exponent ≤ 4, is isomorphic either to Z24 × Z
2
2, or to Z
6
2.
In particular, there are elements a1, a2 ∈ SL(U) such that a
2
1 = −1U = a
2
2,
a1a2 = −a2a1 and πU ◦ Ψ(Q) = 〈[a1], [a2]〉, and hence there are elements b1, b2 ∈
SL(V ) such that φa1,b1 , φa2,b2 are in Q.
Since Q is abelian,
φa1a2,b1b2 = φa1,b1φa2,b2 = φa2,b2φa1,b1 = φa2a1,b2b1 = φ−a1a2,b2b1 ,
so that ∧2(b1b2) = − ∧
2 (b2b1) and this forces b1b2 = ω
±2b2b1. Also, φ
4
ai,bi
= id,
so Ad4bi = id, i = 1, 2. Since Adb1(b2) = ω
±2b2, we obtain that the order of Adbi
is exactly 4, i = 1, 2, and hence both 〈φa1,b1 , φa2,b2〉 and πV ◦ Ψ
(
〈φa1,b1 , φa2,b2〉
)
are isomorphic to Z24. Therefore, πV ◦ Ψ(Q) is necessarily isomorphic to Z
2
4 × Z
2
2.
Interchanging the indices if necessary, we may always assume that b1b2 = ω
2b2b1.
Lemma 14. Under the conditions above, ker
(
πV ◦Ψ|Q
)
= 〈θ〉.
Proof. If ϕ is an element of Q ∩ ker
(
πV ◦ Ψ
)
, then there are elements a ∈ SL(U)
and µ ∈ F× with µ8 = 1 (i.e., µ1V ∈ SL(V )), such that ϕ = φa,µ1V .
But ϕφai,bi = φai,biϕ for i = 1, 2, because Q is abelian, so aai = aia for i = 1, 2
and, since a1 and a2 generate EndF(U), it follows that a ∈ F
×1U . Hence a = ±1U
and ϕ ∈ kerΨ = 〈θ〉. 
Corollary 15. Q is isomorphic to Z34 × Z
2
2.
Proof. Q is a 2-group of exponent 4, with πV ◦Ψ(Q) ∼= Z
2
4×Z
2
2 and ker
(
πV ◦Ψ|Q
)
∼=
Z4. 
Moreover, the quasitorus Q˜ = πV ◦Ψ(Q)
(
∼= Z24×Z
2
2
)
induces a division grading
on EndF(V ). By Remark 3, b1 and b2 are homogeneous elements, and the argu-
ments in Section 2 prove that alg〈b1, b2〉 is isomorphic to M4(F), and EndF(V ) =
alg〈b1, b2〉 ⊗ C, where C is the centralizer in EndF(V ) of alg〈b1, b2〉. Thus C is
a graded subalgebra of EndF(V ) isomorphic to M2(F). Hence we may identify
V = V1 ⊗ V2, dimV1 = 4, dimV2 = 2, and alg〈b1, b2〉 = EndF(V1), C = EndF(V2).
Since C is a graded subalgebra, Q˜ = 〈[b1], [b2], [c1], [c2]〉, for elements ci ∈
SL(V2)
(
⊆ C
)
, c2i = −1V2 , i = 1, 2, and c1c2 = −c2c1. Then there are elements
aˆi ∈ SL(U) such that φaˆi,ci ∈ Q, i = 1, 2.
The commutativity of Q gives φaˆi,ciφaj ,bj = φaj ,bjφaˆi,ci for any i, j = 1, 2, and
since a1 and a2 generates EndF(U) and cibj = bjci, it follows that aˆi ∈ F
×1U , so
aˆi = ±1U (det(aˆi) = 1). Composing with φ−1U ,1V = φ1U ,ω21V = θ
2 if needed, we
get φ1U ,ci ∈ Q, i = 1, 2, and hence we obtain the following result:
Theorem 16. Under the conditions above, the maximal quasitorus Q is isomorphic
to Z34 × Z
2
2. Moreover, it is given explicitly by
Q = 〈φa1,b1 , φa2,b2 , φ1U ,c1 , φ1U ,c2 , θ〉. (1)
Corollary 17. Up to conjugation, Aut(e8) contains a unique maximal finite abelian
subgroup with automorphisms of order 4 and type I.
This unique maximal finite abelian subgroup contains too automorphisms of
order 4 corresponding to the diagram:
❡ ❡ ❡ ✉ ❡ ❡ ❡ ❡
❡
1 2 3 4 5 6 4 2
3
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which will be said of type II.
Proposition 18. The maximal abelian quasitorus in Equation (1) contains auto-
morphisms of order 4 and type II:
Proof. Note that the dimension of gθ = g0¯ ≃ sl(U)⊕ sl(V ) is 66, so it is enough to
check that the dimension of gφa1,b1 is not 66.
There is a basis of U such that the coordinate matrix of a1 is diag(ω
2,−ω2),
and with V = V1 ⊗ V2 as in the arguments leading to Theorem 16, there are
bases of V1 and V2 such that the coordinate matrix of b1 is the Kronecker product
diag(ω, ω3, ω5, ω7)⊗1V2 . Now it is easy to compute the dimension of the subspaces
of gr¯ of the elements fixed by φa1,b1 , r¯ ∈ Z4: dim g
φa1,b1
0¯
= 1+15 = 16, dim g
φa1,b1
1¯
=
12 = dim g
φa1,b1
3¯
, and dim g
φa1,b1
2¯
= 20. Hence dim gφa1,b1 = 60. 
6. Order 4 automorphism. Type II
In order to deal with the maximal finite abelian subgroups of Aut(e8) containing
automorphisms of order 4 and type II, we need to recall some results on gradings
on simple Lie algebras of type Dr, r ≥ 5 (see [EK13, Chapter 3]).
Given an abelian group A, the A-gradings on the orthogonal Lie algebra so(V, q)
of a vector space V of even dimension ≥ 10 endowed with a nondegenerate qua-
dratic form q are classified in terms of A-gradings on the matrix algebra R =
EndF(V ) compatible with the orthogonal involution ϕ associated to q. Note that
so(V, q) = K(R, ϕ) := {x ∈ R : ϕ(x) = −x}. This graded matrix algebra R is
then isomorphic to EndD(W ), where D is a graded division algebra and W is a
graded right free module for D. The involution ϕ forces the support T of the grad-
ing on D to be an elementary 2-group. Moreover, ϕ is the adjoint relative to a
nondegenerate homogeneous hermitian form B : W ×W → D (i.e., B is F-bilinear,
B(w1, w2) = τ
(
B(w2, w1)
)
and B(w1, w2d) = B(w1, w2)d for any w1, w2 ∈ W and
d ∈ D, where τ is a grade-preserving involution on D). The graded division al-
gebra D is then determined by a nondegenerate alternating bicharacter β on T :
D = span {Xt : t ∈ T }, with XtXs = β(t, s)XsXt.
A homogeneous D-basis {v1, . . . , vk} in W can be selected, deg vi = gi, such that
B is represented by the block-diagonal matrix
diag
(
Xt1 , . . . , Xtq , (
0 I
I 0 ) , . . . , (
0 I
I 0 )
)
, (2)
where I = Xe ∈ D and all Xti are symmetric relative to τ (see [Eld10] or [EK13,
Theorem 3.42]), with
g21t1 = · · · = g
2
q tq = gq+1gq+2 = · · · = gq+2s−1gq+2s = g
−1
0 , (3)
with q+ 2s = k and g0 ∈ A is the degree of B (i.e., for any g, h ∈ A, B(Wg,Wh) ⊆
Dghg0).
Assume finally that our maximal finite abelian subgroup Q of G = Aut(g), with
g = e8, contains an automorphism θ of order 4 and type II.
The automorphism θ thus induces a grading by Z4: g =
⊕
r¯∈Z4
gr¯, where gr¯ =
{x ∈ g : θ(x) = irx}, that satisfies:
g0¯ = sl(U)⊕ so(V, q),
g1¯ = U ⊗ V
+,
g2¯ = ∧
2U ⊗ V,
g3¯ = ∧
3U ⊗ V −,
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for a 4-dimensional vector space U and a 10-dimensional vector space V endowed
with a nondegenerate quadratic form. Here V + and V − denote the two half-spin
representations of the orthogonal Lie algebra so(V, q).
Denote by C(V, q) the Clifford algebra of (V, q), and by x ·y the multiplication of
any two elements x, y ∈ C(V, q). Recall that C(V, q) is a unital associative algebra
generated by V and that v·2 = q(v)1. The Clifford algebra C(V, q) is Z2-graded
with deg v = 1¯ for any v ∈ V . The spin group is defined as
Spin(V, q) := {x ∈ C(V, q)×
0¯
: x · V · x−1 ⊆ V, x · ς(x) = 1},
where ς is the involution (i.e., antiautomorphism of order 2) of C(V, q) such that
ς(v) = v for any v ∈ V .
Let {e1, . . . , e10} be an orthogonal basis of V with q(ei) = 1 for any i. Then
the center of C(V, q)0¯ is F1 ⊕ Fz, with z = e1 · e2 · . . . · e10 ∈ Spin(V, q). Moreover
z·2 = −1, so the order of z is 4. There is a surjective homomorphism onto the
special orthogonal group:
Spin(V, q) −→ SO(V, q)
s 7→ ιs,
where ιs(v) = s · v · s
−1 = s · v · ς(s), for any v ∈ V , whose kernel is {±1}.
Besides, ιz = −1V , so the quotient Spin(V, q)/〈z〉 is isomorphic to the projective
special orthogonal group PSO(V, q), which in turn is naturally isomorphic to the
connected component Aut(so(V, q))◦.
The Lie algebra so(V, q) is isomorphic to the Lie subalgebra
[V, V ]· := span {[u, v]· = u · v − v · u : u, v ∈ V }
of C(V, q)−
0¯
. This Lie subalgebra generates C(V, q)0¯ (as an associative algebra). The
half-spin modules V ± are the two irreducible modules for the semisimple associative
algebra C(V, q)0¯ (which are then irreducible modules for so(V, q) ≃ [V, V ]
·). The
central element z acts on V + (respectively V −) by multiplication by the scalar i
(respectively −i).
As for the previous cases, we have a homomorphism
Φ : SL(U)× Spin(V, q) −→ CG(θ)
(a, s) 7→ φa,s,
such that φa,s|g1¯ is given by:
φa,s(u⊗ x) = a(u)⊗ s.x,
for any a ∈ SL(U), s ∈ Spin(V, q), u ∈ U and x ∈ V +, where s.x denotes the
action of the element s ∈ C(V, q)0¯ on x ∈ V
+. Note that g1¯ generates g, so φa,s is
determined by its action on g1¯. The restriction of φa,s to g0¯ is then given by
φa,s(b, σ) =
(
Ada(b),Ads(σ)
)
where Ada(b) = aba
−1 for a ∈ SL(U) and b ∈ sl(U), and Ads(σ) = s · σ · s
−1 for
s ∈ Spin(V, q) and σ ∈ so(V, q) ≃ [V, V ]· (adjoint action inside C(V, q)0¯). Observe
that Ads(σ) = ιs ◦ σ ◦ ιs−1 for any s ∈ Spin(V, q) and σ ∈ so(V, q) ≃ [V, V ]
·. In
what follows, the expression Ads, for s ∈ Spin(V, q), will be used to denote this
action of Spin(V, q) on so(V, q).
There is also a group homomorphism:
Ψ : CG(θ) −→ Aut(g0¯)
ϕ 7→ ϕ|g0¯ .
Lemma 19. (i) im Ψ = Aut(g0¯)
◦
(
≃ PSL(U)× PSO(V, q)
)
and kerΨ = 〈θ〉.
(ii) Φ is surjective and kerΦ = 〈(−i1U , z)〉, which is a cyclic group of order 4.
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Proof. If ϕ is in kerΨ, then ϕ|g0¯ = id and, by Schur’s Lemma, ϕ acts as a scalar
on g1¯. This scalar must be a fourth root of 1 and hence ϕ is a power of θ.
For any ϕ ∈ CG(θ), the restriction ϕ|g0¯ lies in Aut(g0¯)
◦ ≃ PSL(U)× PSO(V, q)
because CG(θ) is connected (see the proof of Lemma 8), so there are elements
a ∈ SL(U) and s ∈ Spin(V, q) such that ϕ|g0¯ = φa,s|g0¯ . Hence ϕφ
−1
a,s ∈ 〈θ〉.
But θ = φi1U ,1 ∈ im Φ. It follows that Φ is onto. Also, im Ψ = Ψ(im Φ) fills
PSL(U)× PSO(V, q) ≃ Aut(g0¯)
◦.
Finally, if φa,s = id for a ∈ SL(U) and s ∈ Spin(V, q), then Ada = id and Ads =
id, so a ∈ F×1U and s ∈ Z
(
C(V, q)0¯
)
∩ Spin(V, q) = 〈z〉. But φλ1U ,zr = id if and
only if λir = 1, or λ = (−i)r. Then (a, s) = (−i1U , z)
r, so kerΦ = 〈(−i1U , z)〉. 
Denote by πU and πV the projections of Aut(g0¯)
◦ onto PSL(U) ≃ Aut(sl(U))◦
and PSO(V, q) ≃ Aut(so(V, q))◦ respectively. By Theorem 4, πU ◦Ψ(Q) is isomor-
phic to either Z24 or Z
4
2. Besides, πU ◦ Ψ(Q) ⊆ PSL(U) ⊆ Aut(EndF(U)) induces
a division grading on EndF(U) = D. Therefore, the Brauer invariant of the sl(U)-
module U is Br(U) = [D].
Lemma 20. The kernel of the restriction of πV ◦ Ψ to Q is 〈θ〉, so it coincides
with the kernel of the restriction of Ψ to Q.
Proof. Take a ∈ SL(U) and s ∈ Spin(V, q) with φa,s ∈ Q ∩ ker
(
πV ◦ Ψ
)
. Then
Ads = id, so s ∈ 〈z〉. But φ−i1U ,z = id, so if s = z
r, φa,s = φira,1 and we may
assume s = 1.
Now, φa,1 is in Q and Q is commutative. But (Theorem 4) πU ◦ Ψ(Q) is ei-
ther equal to 〈[x], [y]〉 with x, y ∈ SL(U), x4 = y4 = −1U , xy = iyx, or to
〈[x1], [y1], [x2], [y2]〉 with xi, yi ∈ SL(U), x
2
i = y
2
i = −1U , xiyi = −yixi, xiyj = yjxi,
for i, j ∈ {1, 2}, i 6= j, and x1x2 = x2x1, y1y2 = y2y1. In the first case (the other
case is similar) alg〈x, y〉 = EndF(U) and there are elements sx, sy ∈ Spin(V, q) such
that φx,sx , φy,sy ∈ Q. Since φa,1φx,sx = φx,sxφa,1 it follows that ax = xa. With
the same argument we get ay = ya. Hence a ∈ Z
(
EndF(U)
)
∩ SL(U) = 〈i1U 〉.
Therefore φa,1 ∈ 〈θ = φi1U ,1〉. 
The maximal quasitorus Q induces a fine grading Γ by the group of characters
A of Q, which is a refinement of the Z4-grading. Thus Γ induces a grading Γ0¯ on
g0¯ = sl(U) ⊕ so(V, q) by A with support a subgroup of A (the group of characters
of Q/(Q∩ kerΨ) = Q/〈θ〉). It also induces a grading Γr¯ on each gr¯ (an irreducible
g0¯-module), r = 1, 2, 3, compatible with Γ0¯. Then, up to a shift, Γr¯ is the only
A-grading on gr¯ compatible with the grading Γ0¯. Besides, EndF(g1¯) ≃ EndF(U)⊗
EndF(V
+), and the representation of g0¯ on g1¯ gives a graded homomorphism of
associative algebras
ρ : U(g0¯) ≃ U(sl(U))⊗ U(so(V, q)) −→ EndF(g1¯) ≃ EndF(U)⊗ EndF(V
+).
Then the Brauer invariant of g1¯, which is trivial since the grading on EndF(g1¯) is
elementary, satisfies
1 = Br(U)Br(V +) = [D]Br(V +),
and hence Br(V +) = [D]−1 = [Dop].
On the other hand, working with the grading Γ2¯ on g2¯ we get (using [EKpr,
Theorem 15])
1 = Br(∧2U)Br(V ) = [D]2Br(V ).
We are left with two cases.
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6.1. Case a). If πU ◦ Ψ(Q) is isomorphic to Z
4
2, then D = alg〈x1, y1, x2, y2〉 with
x2i = y
2
i = −1U , xiyi = −yixi, xiyj = yjxi, for i, j ∈ {1, 2}, i 6= j, and x1x2 = x2x1,
y1y2 = y2y1. That is, D is a twisted group algebra F
σT , where T ≃ Z42, where
X(1¯,0¯,0¯,0¯) = x1,X(0¯,1¯,0¯,0¯) = y1, X(0¯,0¯,1¯,0¯) = x2 andX(0¯,0¯,0¯,1¯) = y2. Here [D] = [D]
−1.
In this case Br(V ) = [D]2 = 1, and this means that the grading induced in
so(V, q) is elementary, i.e., induced by a grading on V . Since the neutral component
is trivial: so(V, q)e = 0, there is an orthogonal homogeneous basis {e1, . . . , e10} of
V , with q(ei) = 1 and deg(ei) = gi for any i, with g
2
i = e for any i (recall Equations
(2) and (3), and we can adjust in this case so as to get g0 = e by shifting the
grading on V ). Also, the condition so(V, q)e = 0 forces all the gi’s to be different.
Since πV ◦ Ψ(Q) is contained in PSO(V, q), we have g1g2 · · · g10 = e (see [EKpr,
Lemma 33]).
The elements of πV ◦Ψ(Q)
(
⊆ PSO(V, q) ≃ Aut(so(V, q))◦
)
lift then to SO(V, q)
and they act diagonally in this basis with eigenvalues 1 or −1. Therefore we have
πV ◦Ψ(Q) ⊆ 〈Adei·ej : i 6= j〉,
because ιei·ej is the diagonal endomorphism with ei and ej eigenvectors with eigen-
value −1, and eh is fixed by ιei·ej for h 6= i, j.
Remark 21. The map
Z
9
2 −→ 〈Adei·ej : i 6= j〉
ǫi 7→ Adei·ei+1 ,
where ǫi = (0¯, . . . , 1¯, . . . , 0¯) (1¯ in the i
th position), is a surjective homomorphism
with kernel 〈(1¯, . . . , 1¯)〉 = 〈ǫ1+ · · ·+ ǫ9〉, because e1 · e2 · . . . · e10 = z and Adz = id.
Therefore, the group 〈Adei·ej : i 6= j〉 is isomorphic to Z
8
2. Hence πV ◦ Ψ(Q) is
isomorphic to Zm2 with m ≤ 8, and hence Q is isomorphic to Z4×Z
m
2 (4 ≤ m ≤ 8).
We will see that m = 6.
Besides, e1 · e2 · . . . · e8 = −z · e9 · e10, so Ade1·e2·...·e8 = Ade9·e10 . In the same
vein, e1 · e2 · . . . · e6 = z · e7 · e8 · e9 · e10. Thus the group 〈Adei·ej : i 6= j〉 consists
of the elements id, Adei·ej for i 6= j, and Adei·ej ·ek·el for different i, j, k, l. 
Lemma 22. For any element σ ∈ πV ◦ Ψ(Q) there exists a unique element t ∈ T
and a unique class s〈z〉 ∈ Spin(V, q)/〈z〉 such that σ = πV ◦Ψ(φXt,s).
Proof. Since πU ◦ Ψ(Q) = {[Xt] : t ∈ T } ⊆ PSL(U) by Remark 2, for any σ ∈
πV ◦ Ψ(Q) there is an element t ∈ T and an element s ∈ Spin(V, q) such that
σ = φXt,s|so(V,q). If φXt,s|so(V,q) = φXt′ ,s′ |so(V,q), then φXtX−1
t′
,s(s′)−1 is in Q ∩
ker
(
πV ◦ Ψ
)
= 〈θ〉 (Lemma 20). Hence we obtain (XtX
−1
t′ , s(s
′)−1) ∈ Φ−1(〈θ〉) =
〈(−i1U , z), (1U , z)〉. It follows that Xt ∈ F
×Xt′ , so t = t
′ and s(s′)−1 ∈ 〈z〉. 
This shows that Q is determined by πV ◦Ψ(Q) and θ = φ1U ,z. In other words, the
grading on so(V, q) and the Z4-grading determine the fine grading Γ on g induced
by Q.
We are going to reduce the problem of determining Q to an easy combinatorial
problem.
Since πU◦Ψ(Q) = 〈[x1], [y1], [x2], [y2]〉, there are elements p1, q1, p2, q2 ∈ Spin(V, q)
with φx1,p1 , φy1,q1 , φx2,p2 , φy2,q2 ∈ Q. The commutativity of Q gives φx1,p1φy1,q1 =
φy1,q1φx1,p1 , so φx1y1,p1·q1 = φy1x1,q1·p1 = φ−x1y1,q1·p1 = φx1y1,−q1·p1 and we get
p1 ·q1 = −q1 ·p1. In this vein, we check that the elements p1, q1, p2, q2 in Spin(V, q) ⊆
C(V, q)0¯ satisfy the same commutation relations as x1, y1, x2, y2. In particular the
elements pi, qi are not in Z(Spin(V, q)) = 〈z〉. Besides, Adp1 ∈ 〈Adei·ej : i 6= j〉,
and θφx1,p1 = φ1U ,zφx1,p1 = φx1,z·p1 , θ
2φx1,p1 = φx1,−p1 . Hence we may replace p1
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by z ·p1 or by −p1, and the same for p2, q1, q2. Therefore, we may assume that each
pi or qi is of the form ei · ej for i 6= j, or ei · ej · ek · el, for different i, j, k, l.
Then Q is generated by φx1,p1 , φy1,q1 , φx2,p2 , φy2,q2 and by the elements in
Q of the form φ1U ,s with s ∈ Spin(V, q). Moreover, these elements s belong to
{±eI : |I| even}, where for any sequence I = (i1, . . . , ir) with 1 ≤ i1 < · · · < ir ≤ 10,
eI denotes the element ei1 · ei2 · . . . · eir ∈ C(V, q). (eI belongs to Spin(V, q) if
and only if |I| = r is even.) Besides, the commutativity of Q forces that any
element s ∈ Spin(V, q) such that φ1U ,s ∈ Q commutes with p1, q1, p2, q2, and any
two elements s, s′ ∈ Spin(V, q) with φ1U ,s, φ1U ,s′ ∈ Q commute.
Lemma 23. Q does not contain any element of the form φ1U ,ei·ej with 1 ≤ i 6=
j ≤ 10.
Proof. The automorphism φ1U ,ei·ej has order 4 and fixes elementwise a subalgebra
isomorphic to sl(U) ⊕ so2 ⊕ so8 inside g0¯, and a subspace of the form ∧
2U ⊗W ,
dimW = 8 in g2¯. Hence dim g
φ1U,ei·ej ≥ (15 + 1 + 28) +
(
4
2
)
× 8 = 92. But any
order 4 element in Q is an automorphism of type I or II, whose subalgebras of
fixed elements have dimension 66 and 60 respectively. Therefore φ1U ,ei·ej does not
belong to Q for any i 6= j. 
Remark 24. Since θφ1U ,ei·ej = φ1U ,z·ei·ej and θ
2φ1U ,ei·ej = φ1U ,−ei·ej , our maxi-
mal quasitorus Q does not contain elements of the form φ1U ,±ei·ej or φ1U ,±ei1 ·...·ei8
(1 ≤ i1 < · · · < i8 ≤ 10).
Given two sequences I = (i1, . . . , ir) and J = (j1, . . . , js), with 1 ≤ i1 < · · · <
ir ≤ 10, 1 ≤ j1 < · · · < js ≤ 10, consider the elements eI := ei1 · ei2 · . . . · eir ,
eJ := ej1 · ej2 · . . . · ejs in C(V, q) as above. Then eI · eJ = (−1)
|I∩J|eJ · eI .
Identify I with the element xI ∈ Z
10
2 with 1¯’s in the components i1, . . . , ir and 0¯’s
elsewhere, and similarly for J . Then eI · eJ = (−1)
xI•xJ eJ · eI , where for elements
x, y ∈ Z102 , x•y =
∑10
i=1 xiyi denotes the natural symmetric nondegenerate bilinear
form on Z102 . In other words, the elements eI and eJ commute in C(V, q) if and
only if xI and xJ are orthogonal in Z
10
2 .
Note that z = e1 · e2 · . . . · e10 = e(1,2,3,...,10). Let K = Z2(1¯, 1¯, . . . , 1¯), then K
⊥
is the subspace of the elements xI with |I| even (i.e., eI ∈ Spin(V, q)). The bilinear
form • induces a nondegenerate alternating bilinear form on K⊥/K.
Then the problem of finding a maximal finite abelian subgroup Q under the
conditions above is equivalent to the problem of finding maximal subspaces S of
K⊥/K which are the orthogonal sum of two orthogonal hyperbolic planes U1 and
U2 (corresponding to {p1, q1} and {p2, q2}), and a totally isotropic subspace U3
orthogonal to U1 and U2. That is, S = U1 ⊥ U2 ⊥ U3, Ui • Ui 6= 0, i = 1, 2,
U3 •U3 = 0, Ui •Uj = 0 for i 6= j, and dimZ2 U1 = dimZ2 U2 = 2, and with the extra
condition that there is no x +K ∈ U3 with |Supp (x)| = 2 or 8, where Supp (x) is
the set of indices with xi 6= 0¯ (because of Remark 24).
Since dimZ2 K
⊥/K = 8, the maximal dimension for U3 is 2 and in this case
S = U⊥3 . As above, let {ǫ1, . . . , ǫ10} be the canonical basis of Z
10
2 , and denote by
x¯ the class modulo K of an element x ∈ Z102 . Up to reordering of indices, the only
‘maximal’ possibility is given by
U3 = Z2(ǫ1 + ǫ2 + ǫ3 + ǫ4)⊕ Z2(ǫ3 + ǫ4 + ǫ5 + ǫ6).
(Note that Z2(ǫ1 + ǫ2 + ǫ3 + ǫ4)⊕Z2(ǫ5 + ǫ6 + ǫ7 + ǫ8) is not valid as ǫ1 + · · ·+ ǫ8 =
ǫ9 + ǫ10, which is the class, modulo K, of an element with support of size 2.)
Then, up to a reordering of indices, there is a unique maximal possibility:
S = U⊥3 = span {ǫ7 + ǫ8, ǫ8 + ǫ9, ǫ9 + ǫ10, ǫ1 + ǫ2, ǫ3 + ǫ4, ǫ5 + ǫ6} .
Therefore, we obtain the main result of this Case a):
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Theorem 25. Up to conjugation, there is a unique maximal finite abelian subgroup
Q of Aut(e8) with the properties that it contains an automorphism θ of order 4
of type II, and the image of Q in the automorphism group of the simple ideal of
(e8)
θ isomorphic to sl4(F) is 2-elementary abelian. This maximal quasitorus is
isomorphic to Z4 × Z
6
2.
A concrete realization of this maximal quasitorus is the subgroup generated by
the elements φx1,e8·e9 , φy1,e9·e10 , φx2,e3·e4 , φy2,e1·e3·e6·e7 , φ1U ,e1·e2·e3·e4 , φ1U ,e3·e4·e5·e6
and θ = φ1U ,z. This is the cartesian product of the cyclic subgroup 〈θ〉 of order
4 and the cyclic subgroups generated by the order 2 elements φx1,e8·e9 , φy1,e9·e10 ,
φx2,e3·e4 , φy2,z·e1·e3·e6·e7 , φ1U ,e1·e2·e3·e4 , and φ1U ,e3·e4·e5·e6 .
6.2. Case b). If πU ◦ Ψ(Q) is isomorphic to Z
2
4, then D = alg〈x, y〉, with x
4 =
y4 = −1, xy = iyx, and this is a twisted algebra FσT with T ≃ Z24. Hence, [D]
corresponds to the pair (T, β), with T = Z24 and β : T × T → F
× the alternating
bicharacter such that β
(
(1¯, 0¯), (0¯, 1¯)
)
= i. In this case [D]4 = 1 and Br(V ) =
[D]−2 = [D]2 corresponds to the pair (T˜ , β˜), with T˜ = Z22
(
≃ (2Z4)
2
)
, and β˜ :
T˜ × T˜ → F× such that β˜
(
(1¯, 0¯), (0¯, 1¯)
)
= −1.
The classification of gradings in the simple Lie algebras of type D [EK13, §3.6]
shows that the restriction of the grading Γ induced by Q (this is a grading by the
group of characters A of Q) to so(V, q), which is a grading with trivial neutral
component, is up to equivalence a grading obtained as follows. There is a subgroup
T˜ isomorphic to Z22 of the group A of characters of Q, so T˜ = 〈a, b〉, with a and
b of order 2 and β˜(a, b) = −1. Consider the graded division algebra D˜ ∼= M2(F)
generated by Xa, Xb ∈ SL2(F), with X
2
a = X
2
b = −1 and XaXb = β˜(a, b)XbXa =
−XbXa. Let c = ab and Xc := XaXb. Let τ be the involution on D˜ which
fixes Xa and Xb (orthogonal involution). Finally, let W be a free graded right D˜-
module of dimension 5 endowed with a nondegenerate homogeneous hermitian form
B :W ×W → D˜. A homogeneous basis {v1, . . . , v5} of W as a right D˜-module can
be selected, deg vi = gi, such that the coordinate matrix of B is (see Equation (2))
diag
(
Xt1 , Xt2 , Xt3 , Xt4 , Xt5
)
,
with t1, . . . , t5 ∈ {e, a, b} and with the extra condition (Equation (3)):
g21t1 = · · · = g
2
5t5. (4)
Moreover, the condition on the neutral component being trivial shows that the
classes of g1, . . . , g5 modulo T˜ are different.
Then su(W,B) := {x ∈ End
D˜
(W ) : B(xw1, w2)+B(w1, xw2) = 0 ∀w1, w2 ∈W}
is isomorphic to so(V, q). The grading on W induces a grading on su(W,B) and
hence on so(V, q).
Up to equivalence, we may assume ([EK13, §3.6] or [Eld10]) that (t1, . . . , t5) is
one of the following:
(e, e, e, e, e), (e, e, e, e, a), (e, e, e, a, a), (e, e, e, a, b), (e, e, a, a, b).
The condition on πV ◦ Ψ(Q) lying on Aut(so(V, q))
◦ ≃ PSO(V, q), is equivalent
to ct1t2t3t4t5 = e [EKpr, Lemma 33], which is only satisfied for (e, e, e, a, b). We
also may shift the grading on W without changing the grading on su(W,B), so
we may assume g1 = e. Therefore the support of the grading on so(V, q), which
by Lemma 20 coincides with the support of Γ0¯, is generated by the elements g2,
g3, g4, g5 and T˜ , with e = g
2
2 = g
2
3 = g
2
4a = g
2
5b by (4), and hence the grading
subgroup of Γ0¯, which is the subgroup of A given by the group of characters of
Q/Q ∩ ker
(
πV ◦Ψ
)
= Q/〈θ〉 is a quotient of Z24 × Z
2
2, and it contains a copy of Z
2
4
because πU ◦ Ψ(Q) ∼= Z
2
4. In particular, the grading on so(V, q) is a coarsening of
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a unique fine grading with universal group Z24 × Z
2
2 and hence Q/〈θ〉 is isomorphic
to Z24 × Z
r
2, with r ≤ 2, so that Q is isomorphic to Z
3
4 × Z
r
2.
But we know that there is a maximal abelian subgroup Q˜ of Aut(g) isomorphic to
Z34×Z
2
2 (the case of the existence of automorphisms of order 4 and type I) and this
maximal subgroup contains automorphisms of order 4 and type II (Proposition 18).
By maximality, this is the only possibility, up to equivalence, so no new maximal
finite abelian subgroups of Aut(g) appear in this subcase.
This finishes the proof of Theorem 1.
Remark 26. In this Case b), the grading on sl(U) is determined by the grading on
so(V, q) and the condition that the Brauer invariant of V + is [EndF(U)]
−1, with a
division grading by Z24 on EndF(U). Alternatively, an analogue of Lemma 22 works
here, and this shows that Q is determined by πV ◦Ψ(Q).
7. Models of the gradings
Most of the fine gradings induced by the maximal finite abelian subgroups of
Aut(e8) have nice descriptions in terms of some nonassociative algebras and con-
structions of e8 related to them. Here we will briefly review some of these models
and point to suitable references.
Let C be the Cayley algebra over our ground field F. The algebra C is not
associative, although any two elements generate an associative subalgebra. It can
be obtained through the Cayley-Dickson doubling process in three steps, starting
with F, in the same way as the classical real division algebra of the octonions is
obtained from the reals:
R ≤ C = R⊕ Ri ≤ H = C⊕ Cj ≤ O = H⊕Hl.
Each step gives a grading by Z2, and hence C is graded by Z
3
2 with all the homo-
geneous components of dimension 1 (see [Eld98] or [EK13, Chapter 4]).
The algebra J = H3(C) of hermitian 3×3-matrices over C, with the symmetrized
product X ◦ Y = 12 (XY + Y X), is the only exceptional simple Jordan algebra, up
to isomorphism. Among the fine gradings on J (see [DM09] or [EK13, Chapter 5]),
there is a fine grading by Z33 with all the homogeneous components of dimension 1.
Then the Lie algebra obtained by means of a construction by Tits [Tit66] on the
vector space
T(C, J) = Der(C)⊕
(
C0 ⊗ J0
)
⊕Der(J),
where C0 (respectively J0) is the subspace of trace zero elements in C (resp. J),
with suitable Lie bracket (see [EK13, (6.14)]), is the simple Lie algebra e8. The Lie
algebras of derivations Der(C) and Der(J) are commuting subalgebras of T(C, J),
and the fine gradings by Z32 on C and by Z
3
3 on J combine to give the fine grading
by Z32 ×Z
3
3 ≃ Z
3
6 on e8 in Theorem 11. The corresponding quasitorus appears also,
in a completely different way, in [HVpr].
Now, let Q =M2(F) be the ‘quaternion algebra’ over F, endowed with its natural
(symplectic) involution. The algebra H4(Q) of hermitian 4× 4-matrices over Q is a
simple Jordan algebra. There is a Cayley-Dickson doubling process [AF84], similar
to the one used to get C, that gives an algebra with involution on the direct sum
of two copies of H4(Q):
A = H4(Q)⊕ vH4(Q). (5)
This algebra is a simple structurable algebra of dimension 56. The structurable
algebras form a class of algebras with involution introduced in [All78] that contains
the classes of associative algebras with involutions and of Jordan algebras (with
trivial involution).
MAXIMAL FINITE ABELIAN SUBGROUPS OF E8 19
Given any structurable algebra X with involution x 7→ x¯, the Steinberg unitary
Lie algebra stu3(X) (see [AF93]) is defined as the Lie algebra generated by symbols
uij(x), 1 ≤ i 6= j ≤ 3, x ∈ X, subject to the relations:
uij(x) = uji(−x¯),
x 7→ uij(x) is linear,
[uij(x), ujk(y)] = uik(xy) for distinct i, j, k.
There is a decomposition stu3(X) = s ⊕ u12(X) ⊕ u23(X) ⊕ u31(X), with s =∑
i<j [uij(X), uij(X)], which is a grading by Z
2
2. Any grading by a group G on
the structurable algebra X (compatible with the involution) induces naturally a
grading by Z22×G on stu3(X). For the structurable algebra A in (5), the Steinberg
unitary Lie algebra stu3(A) is the simple Lie algebra of type E8.
Moreover, A is endowed with a Z34-grading where all homogeneous components
have dimension at most 1 (see [AEKpr]). In this way, we obtain a fine grading
by Z22 × Z
3
4 on e8 ≃ stu3(A) which necessarily is, up to equivalence, the grading
induced by the quasitorus in Theorem 16.
Also, the Jordan algebra H4(Q) has a fine Z4 × Z
3
2-grading (see [EK13, §5.6]),
and this induces a fine grading by Z4 × Z
4
2 on the structurable algebra A in (5),
and hence by Z4 × Z
6
2 on e8 ≃ stu3(A). This is the fine grading in Theorem 25.
As for the fine gradings by elementary abelian groups:
• The fine Z82-grading is induced on e8 = T(C, J) by the fine Z
3
2-grading on
C and a fine Z52-grading on J. Alternatively it is obtained by means of the
natural Z62-grading on C ⊗ C, which is a structurable algebra so it induces
a grading by Z22 × Z
6
2 = Z
8
2 on stu3(C⊗ C), and this is again isomorphic to
e8.
• The Jordan algebraH4(Q) is also endowed with a fine Z
6
2-grading that gives
a fine Z72-grading on A and hence a fine Z
9
2-grading on stu3(A) = e8.
• The Okubo algebra O is an eight-dimensional symmetric composition alge-
bra endowed with a fine Z23-grading. The Lie algebra e8 can be constructed
on the vector space
(
tri(O)⊕ tri(O)
)
⊕
( 3⊕
i=1
ιi(O⊗ O)
)
with a natural bracket, where each ιi(O⊗O) is a copy of the tensor product
O⊗ O and where
tri(O) = {(d1, d2, d3) ∈ so(O) : d1(xy) = d2(x)y + xd3(y) ∀x, y}
is the triality Lie algebra of O (with componentwise bracket). There is a
natural order 3 automorphism Θ that permutes cyclically the three copies
of O ⊗ O and the components in each copy of tri(O). This automorphism
Θ induces a Z3-grading compatible with the Z
4
3-grading on O⊗O obtained
by combining the Z23-grading on each copy of O. In this way we obtain the
fine Z53-grading on e8. (See [Eld09b] and the references therein for details.)
• Finally, the fine Z35-grading is an example of a Jordan grading (the maximal
quasitorus is a Jordan subgroup [Ale74]). A specific model for this grading,
which does not rely on nonassociative algebras, is given in [Eld09a].
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